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tThis paper presents a new approa
h to 
omputing an approximatesolution of Tikhonov-regularized large-s
ale ill-posed least-squares prob-lems with a general regularization matrix. The iterative method appliesa sequen
e of proje
tions onto generalized Krylov subspa
es. A suitablevalue of the regularization parameter is determined by the dis
repan
yprin
iple.1 Introdu
tionThis paper is 
on
erned with the 
omputation of an approximate solution ofleast-squares problems of the form(1.1) min
x∈Rn

‖Ax− b‖with a matrix A ∈ R
m×n, m ≥ n, of ill-determined rank. In parti
ular, A isseverely ill-
onditioned and possibly singular. Matri
es of this kind arise, forinstan
e, from the dis
retization of ill-posed problems, su
h as Fredholm integralequations of the �rst kind; see, e.g., [11, 17℄ for dis
ussions. The ve
tor b ∈ R

mrepresents observations and is assumed to be 
ontaminated by an error e ∈ R
m,whi
h may stem from measurement ina

ura
ies. Throughout this paper ‖ · ‖denotes the Eu
lidean ve
tor norm or the asso
iated indu
ed matrix norm.
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Let btrue denote the unknown error-free ve
tor asso
iated with b, i.e.,(1.2) b = btrue + e.The linear system of equations Ax = btrue asso
iated with the least-squaresproblem (1.1) is assumed to be 
onsistent. We would like to determine anapproximation of its solution of minimal Eu
lidean norm, xtrue, by 
omputinga suitable approximate solution of (1.1).Due to the ill-
onditioning of A and the error e in b, straightforward solutionof (1.1) often does not yield a meaningful approximation of xtrue. It is ne
es-sary to stabilize the 
omputations by regularization. One of the most popularregularization methods is due to Tikhonov. This method repla
es (1.1) by apenalized least-squares problem of the form(1.3) min
x∈Rn

{
‖Ax− b‖2 + µ−1‖Lx‖2

}
.The s
alar µ ∈ (0,∞) is referred to as the regularization parameter and L ∈

R
p×n, p ≤ n, as the regularization matrix. This matrix de�nes a (semi-)norm,

‖L · ‖, on the solution spa
e. The normal equations asso
iated with (1.3) aregiven by(1.4) (ATA+ µ−1LTL)x = AT b.They have the unique solution(1.5) xµ = (ATA+ µ−1LTL)−1AT bfor any µ > 0 when(1.6) rank

[
A
L

]
= n.We assume this to be the 
ase. The use of µ−1 above, instead of µ, is 
ommentedon in Subse
tion 2.2.When the matri
es A and L are small, solutions xµ of (1.3) easily 
an bedetermined for many values of µ > 0 by �rst 
omputing the generalized singularvalue de
omposition (GSVD) of the matrix pair {A,L}. For large-s
ale problemsand a �xed µ > 0, an approximation of xµ 
an be determined by applying aniterative method, su
h as LSQR, to (1.4). However, generally, a suitable valueof the parameter µ is not known a priori and has to be determined during thesolution pro
ess. Many approa
hes to determining an appropriate value of µ,in
luding the L-
urve 
riterion [16, 17, 23℄, the dis
repan
y prin
iple [11, 24℄,generalized 
ross validation [8, 12℄, and information 
riteria [1, 29℄, require thenormal equations (1.4) to be solved repeatedly for many di�erent values of theparameter µ. This 
an make appli
ation of LSQR 
ostly.When L = I, the Tikhonov regularization problem (1.3) is said to be instandard form. Approximations of the solution xµ of problems in standard form2




an be 
omputed by partial Lan
zos bidiagonalization of A; see, e.g., [3, 4, 5, 6,7, 14, 15℄ for several solution methods based on this approa
h. The 
omputedapproximation, xℓ
µ, lives in the Krylov subspa
e(1.7) Kℓ(A

TA,AT b) = span{AT b, (ATA)AT b, . . . , (ATA)ℓ−1AT b}for some ℓ ≥ 1. Due to the shift invarian
e of Krylov subspa
es, i.e., the propertythat
Kℓ(A

TA,AT b) = Kℓ(A
TA+ µ−1I, AT b), µ > 0,the spa
es (1.7) 
an be used for all values of µ > 0. This makes it possible to�rst proje
t the problem (1.4) onto a Krylov subspa
e (1.7) and then regularizethe proje
ted problem by Tikhonov's method. This approa
h is used in manyof the already mentioned referen
es. The �rst hybrid method of this kind wasproposed in [25℄.Solution by partial Lan
zos bidiagonalization also 
an be applied to Tikhonovregularization problems (1.3) with L 6= I, provided that the regularization ma-trix 
an be transformed to standard form without too mu
h e�ort. This trans-formation is 
arried out with the aid of the substitutions y = Lx and x = L†

Ay,where the matrix
L†

A := (I − (A(I − L†L))†A)L†is referred to as the A-weighted pseudoinverse of L; see [10℄ for a dis
ussion ofits properties. When L is banded with small bandwidth and has a known nullspa
e, transformation of (1.3) to standard form is attra
tive. Other situationswhen transformation to standard form is feasible are dis
ussed in [28℄. However,when (1.3) is the dis
retization of an integral equation of the �rst kind in twoor more spa
e-dimensions, the regularization matrix L often is 
hosen to be asum of Krone
ker produ
ts. The expression for L†
A then is 
ompli
ated andunattra
tive to use; see Example 4.2 of Se
tion 4 for an illustration.Kilmer et al. [20℄ re
ently proposed a proje
tion method for large-s
aleTikhonov-regularized least-squares problems that are infeasible or expensive totransform to standard form. The method 
omputes an approximation of apartial GSVD of the matrix pair {A,L} by an inner-outer iteration s
heme. Anattra
tive property of this method is that the 
omputed approximate partialGSVD is independent of µ. However, the inner-outer iteration s
heme may beexpensive, due to the possibly fairly large number of required matrix-ve
torprodu
t evaluations with A and its transpose AT . We therefore are interestedin developing an alternative approa
h.A s
heme that proje
ts L into a Krylov subspa
e (1.7) and determines anapproximate solution of (1.3) in this subspa
e is des
ribed in [19℄. The approa
hof the present paper di�ers in that the subspa
e in whi
h we determine anapproximate solution of (1.3) depends on L. A method based on redu
ing both

A and L by an Arnoldi-type method is presented in [26℄. This method requiresboth A and L to be square matri
es, but we note that this restri
tion in somesituations 
an be over
ome, e.g., by zero-padding. Our approa
h allows both Aand L to be general re
tangular matri
es.3



This paper proposes an iterative proje
tion method that 
omputes an ap-proximate solution of (1.5) in a generalized Krylov subspa
e. The regularizationparameter is determined by the dis
repan
y prin
iple. We assume that an esti-mate of the norm of the error e in the ve
tor b in (1.1) is available,
ε ≈ ‖e‖.The regularization parameter µ = µ(ε) is determined, so that the 
omputedapproximation x̃µ of the solution xµ of (1.3) satis�es(1.8) ‖Ax̃µ − b‖ = ηε =: δ,where η > 1 is a user-spe
i�ed 
onstant, whose size depends on the a

ura
y ofthe estimate ε of ‖e‖. The more a

urate the estimate is, the 
loser we let ηbe to one. A ve
tor x̃µ, su
h that (1.8) holds, is said to satisfy the dis
repan
yprin
iple.Introdu
e the fun
tion(1.9) ϕ(µ) := ‖Axµ − b‖2,where xµ is given by (1.5), and let µ̄ satisfy(1.10) ϕ(µ̄) = δ2.The fun
tion ϕ(µ) is 
onvex and monotone. This follows from results in Sub-se
tion 2.2. A numeri
al method for inexpensively 
omputing upper and lowerbounds for µ̄ when L = I is des
ribed in [7℄. Note that the evaluation of ϕ(µ)is expensive when A is large. The inexpensive 
omputation of bounds for µ̄,based on the 
onne
tion between partial Lan
zos bidiagonalization and Gaus-sian quadrature, as des
ribed in [7℄, therefore is attra
tive for large matri
es

A. Assume that L is a regularization matrix, su
h that the 
omputation with
L†

A is unattra
tive. Introdu
e the subspa
e V ⊂ R
n of small dimension k ≪ n,and let the 
olumns of V ∈ R

n×k form an orthonormal basis for V . We proposeto approximate ϕ(µ) by the fun
tion(1.11) ϕ(µ;V ) := ‖Axk
µ − b‖2,where the xk

µ is obtained by solving the Tikhonov problem (1.3) restri
ted to
V ⊂ R

n. Spe
i�
ally, let(1.12) yk
µ = argminy∈Rk

{
‖AV y − b‖2 + µ−1

k ‖LV y‖2
}
, xk

µ = V yk
µ.The regularization parameter µk is determined as the zero of the fun
tion

f(µ;V ) := ‖Axk
µ − b‖2 − δ2.This zero 
an be 
omputed, e.g., by Newton's method, by rational inverse in-terpolation (see [21, 22℄), or by a 
ubi
ally 
onvergent zero-�nder [27℄. Having4



determined µk, the sear
h spa
e V is expanded by the gradient of the fun
tionalin (1.3) evaluated at xk
µ. After expansion, a new value, µk+1, of the regular-ization parameter is 
al
ulated. Zero-�nding and expansion is repeated until

µ = µk and the 
orresponding approximation xk
µ = V yk

µ satis�es a stopping
riterion; see Se
tion 2. Sin
e the expansion dire
tion depends on the value µkof µ, the sear
h spa
e V is not a Krylov subspa
e. Numeri
al examples illustratethat the stopping 
riterion typi
ally is satis�ed for sear
h spa
es V of fairly smalldimension.The most expensive part of the proposed s
heme is the repeated enlargementof the sear
h spa
e V . Sin
e appli
ation of the zero-�nder to the proje
tedproblem is inexpensive, we enlarge V by a single ve
tor as soon as a new valueof the regularization parameter has been 
omputed. The overall 
omplexity ofthe presented method is O(mn) arithmeti
 �oating-point operations, i.e., the
omplexity is of the same order as a matrix-ve
tor produ
t evaluation with thematrix A, when A is dense and unstru
tured.This paper is organized as follows. Se
tion 2 presents our new s
heme forsolving the Tikhonov regularization problem (1.3). Implementation issues aredis
ussed in Se
tion 3, and Se
tion 4 
ontains numeri
al examples. They il-lustrate the e�
ien
y of the presented approa
h. Con
luding remarks 
an befound in Se
tion 5.2 Tikhonov Regularization via Orthogonal Pro-je
tionLet the fun
tion ϕ(µ) be de�ned by (1.9) with xµ given by (1.5), and let δ bedetermined by (1.8). We assume that δ satis�es the inequalities(2.1) ‖PN (AT )b‖ < δ < ‖b‖,where PN (AT ) denotes the orthogonal proje
tor onto the null spa
e N (AT ) of
AT . The 
onditions (2.1) on the error bound δ are natural for the Tikhonovleast-squares problem (1.3); see Subse
tion 3.2 for details.The 
omputation of a value µ̄ of the regularization parameter, su
h that
ϕ(µ̄) = δ2, is a nonlinear problem. The evaluation of ϕ(µ) for a given µ israther expensive, be
ause it requires the solution of the (large) Tikhonov least-squares problem (1.3). We therefore seek to determine approximations of µ̄and of the 
orresponding Tikhonov solution xµ̄ = (ATA+ µ̄LTL)−1AT b by aniterative proje
tion method, that repla
es the original large problem (1.3) by asequen
e of problems with sear
h spa
es of mu
h smaller dimensions, and onlysolves the proje
ted problems. Let V ⊂ R

n be a subspa
e of dimension k ≪ n,and let the 
olumns of the matrix V ∈ R
n×k form an orthonormal basis for V .Introdu
e the matrix(2.2) T (µ) := ATA+ µ−1LTL5



and let yµ ∈ R
k be given by(2.3) yµ = (V TT (µ)V )−1V TAT b;
f. (1.12). We approximate ϕ(µ) by the fun
tion(2.4) ϕ(µ;V ) := ‖AV yµ − b‖2,with yµ de�ned by (2.3), and determine µ = µk so that ϕ(µk;V ) = δ2. We thenuse xµk

= V yµk
as an approximation of xµ̄. When the dimension of V is n, wehave

ϕ(µ;V ) = ϕ(µ).Experien
e with numerous 
omputed examples, some of whi
h are reported inSe
tion 4, indi
ates that the dimension of V generally 
an be 
hosen fairly small.2.1 Enlarging the Sear
h Spa
eThe 
hoi
e of subspa
e is important for proje
tion methods. We dis
uss this
hoi
e in the present and the following subse
tions. Let µk be an availableapproximation of µ̄ and let the orthonormal 
olumns of V ∈ R
n×k span the
urrent sear
h spa
e V . The proje
tion of the normal equations (1.4) into V 
anbe expressed as(2.5) V TT (µk)V y = V TAT b,where T (µk) is de�ned by (2.2). Let yµk

denote the minimal-norm solutionof (2.5). Mapping yµk
ba
k into R

n, we obtain the ve
tor xµk
= V yµk

. Theresidual asso
iated with (2.5) is given by
rµk

= T (µk)xµk
−AT b.In the absen
e of round-o� errors, the residual rµk

is orthogonal to the sear
hspa
e V . To enfor
e orthogonality in the presen
e of round-o� errors, we re-orthogonalize rµk
against V and then in
lude the reorthogonalized ve
tor in V .Thus, we let

r̃µk
:= (I − V V T )rµk

, vnew := r̃µk
/‖r̃µk

‖, Vnew := [V, vnew].We refer to the 
omputations des
ribed as an expansion step for the sear
h spa
e
V . The spa
es V are Krylov subspa
es only in spe
ial situations. If the 
urrentsear
h spa
e V equals the Krylov subspa
e Kk(T (µk), AT b), then the expandedsear
h spa
e also is a Krylov subspa
e. Spe
i�
ally, the 
olumns of Vnew form anorthonormal basis for the Krylov subspa
e Kk+1(T (µk), AT b). The 
onne
tionbetween this Krylov subspa
e and the Lan
zos pro
ess shows that the matrix
V TnewT (µk)Vnew is symmetri
 and tridiagonal. However, sin
e the µk are updatedduring the 
omputations, so is T (µk). Therefore, the spa
e V , in general, is nota Krylov subspa
e when L 6= I. In parti
ular, the new basis ve
tor vnew 
annot6



be 
omputed with a short re
urren
e relation. We refer to the sear
h spa
es Vas generalized Krylov subspa
es.The 
ost of enlarging the sear
h spa
e by one dimension is O(mn) arithmeti
�oating point operations, and so is the multipli
ation of the matrix T (µk) by ave
tor; see also Subse
tion 3.1. This 
ost is higher than the determination of asuitable Tikhonov parameter for a proje
ted problem. We therefore 
ompute anew value of the regularization parameter after ea
h in
rease of dim(V) by one.2.2 Computation of the Regularization ParameterLet the sear
h spa
e V of dimension k be available, and let the 
olumns of
V ∈ R

n×k form an orthonormal basis. It is quite natural to let the regularizationparameter µ solve the nonlinear equation(2.6) ϕ(µ;V ) = δ2with ϕ de�ned by (2.4) and δ by (1.8). This 
hoi
e of µ se
ures that thedis
repan
y prin
iple holds for the 
urrent sear
h spa
e V . It is 
onvenient to
onsider equation (2.6) a zero-�nding problem for the fun
tion(2.7) f(µ;V ) := ϕ(µ;V ) − δ2.This subse
tion dis
usses some properties of the fun
tion ϕ(µ;V ). We showthat ϕ(µ;V ) is monotoni
ally de
reasing and 
onvex in the interval µ ∈ (0,∞)under a mild 
ondition on the sear
h spa
e V . Let the matrix V ∈ R
n×k be�xed. Then the fun
tion ϕ(µ;V ) for µ > 0 
an be expressed as

ϕ(µ;V ) = ‖AV (V TT (µ)V )−1V TAT b− b‖2

= ‖AV (V T (ATA+ µ−1LTL)V )−1V TAT b− b‖2.(2.8)Theoreti
al results 
an be obtained by introdu
ing the GSVD of the matrixpair {AV,LV }, with AV ∈ R
m×k and LV ∈ R

p×k,
AV = UCXT ,(2.9)
LV = V̂ SXT ,(2.10)where the matri
es U = [u1, u2, . . . , uk] ∈ R

m×k and V̂ ∈ R
p×k have orthonor-mal 
olumns, and the entries of the matri
es C = diag[c1, c2, . . . , ck] ∈ R

k×k and
S = diag[s1, s2, . . . , sk] ∈ R

k×k are ordered a

ording to 0 ≤ c1 ≤ . . . ≤ ck ≤ 1and 1 ≥ s1 ≥ . . . ≥ sk ≥ 0 with c2j + s2j = 1 for 1 ≤ j ≤ k. The cj and sjare referred to as generalized singular values. Finally, the matrix X ∈ R
k×k isnonsingular; see, e.g., [13, Se
tion 8.7.2℄ for details on the GSVD. In our ap-pli
ation, we have m ≥ n ≥ p ≫ k. We use the GSVD as an analyti
al tool,whereas the numeri
al method des
ribed in Se
tion 3 uses 
omputationally lessdemanding QR fa
torizations.Substituting the de
ompositions (2.9) and (2.10) into (2.8) gives us a moretra
table expression. Using the relations

V TATAV = XC2XT , V TLTLV = XS2XT , V TAT b = XCUT b,7



we obtain
ϕ(µ;V ) = ‖UCXT (XC2XT + µ−1XS2XT )−1XCUT b− b‖2

= ‖UC(C2 + µ−1S2)−1CUT b− b‖2

= bT b+ bTUC
(
(C2 + µ−1S2)−2 − 2(C2 + µ−1S2)−1

)
CUT b

= bT b+
k∑

i=1

(
s4i

(µc2i + s2i )
2
− 1

)
|uT

i b|
2,(2.11)whi
h yields the following formulas for the derivative of ϕ with respe
t to µ:(2.12) ϕ′(µ;V ) = −

k∑

i=1

2c2i s
4
i

(µc2i + s2i )
3
|uT

i b|
2 = −

∑

si>0

2γ2
i

(1 + µγ2
i )3

|uT
i b|

2 ≤ 0.Note that all terms in (2.11) and (2.12) are well de�ned, sin
e ci + si > 0for all i. This follows from the fa
t that the matrix [AT , LT ]TV is of full rank,whi
h is a 
onsequen
e of (1.6).Here and below we assume that the sear
h spa
e V is su
h that(2.13) bU /∈ N (LV X−T ) with bU = X−1V TAT b.The ve
tor bU 
an be expressed as bU = CUT b with entries bU (i) = ci(u
T
i b).Moreover, in view of that N (LV X−T ) = N (V̂ S), this null spa
e is determinedby the vanishing diagonal entries of the matrix S. It follows that (2.13) holds ifand only if there is an index i, su
h that siciu

T
i b 6= 0. Then ϕ′(µ;V ) < 0 and,therefore, ϕ(µ;V ) is stri
tly de
reasing for µ > 0.Noti
e that if the assumption (2.13) is not ful�lled, the derivative ϕ′(µ;V )vanishes and ϕ(µ;V ) simpli�es to the 
onstant fun
tion

ϕ(µ;V ) = ϕ(V ) = bT b −
∑

si=0

|uT
i b|

2.The se
ond derivative is given by(2.14) ϕ′′(µ;V ) =
k∑

i=1

6c4i s
4
i

(µc2i + s2i )
4
|uT

i b|
2 =

∑

si>0

6γ4
i

(1 + µγ2
i )4

|uT
i b|

2 ≥ 0.Thus, the fun
tion ϕ(µ;V ) is stri
tly 
onvex for µ > 0 under the above as-sumption on V . We use these properties of ϕ(µ;V ) when designing a zero-�nderfor the fun
tion (2.7); see Subse
tion 3.2. We remark that the 
onvexity is aresult of the formulation (1.3) of the Tikhonov problem instead of the standardformulation with λ = µ−1.Combining the dis
repan
y prin
iple for updating the regularization param-eter and enlarging the sear
h spa
e as des
ribed in Subse
tion 2.1 leads to thefollowing algorithm. 8



Algorithm 2.1 Generalized Krylov Subspa
e Tikhonov Regularization MethodRequire: Initial basis V0, V T
0 V0 = I1: for i = 0, 1, . . . until 
onvergen
e do2: Find the root µi of f(µ;Vi) = 03: Solve (V T

i T (µi)Vi)yµi
= V T

i A
T b4: Compute rµi

= T (µi)Viyµi
−AT b5: Reorthogonalize (optional) r̃µi

= (I − ViV
T
i )rµi6: Normalize vnew = r̃µi

/‖r̃µi
‖7: Enlarge sear
h spa
e Vi+1 = [Vi, vnew]8: end for9: Determine approximate Tikhonov solution xµi

= ViyµiAlgorithm 2.1 iteratively adjusts the regularization parameter and builds upa sear
h spa
e simultaneously. Generally, �
onvergen
e� is a
hieved already forsear
h spa
es of fairly small dimension; see Se
tion 4. Most of the 
omputationalwork is done in line 4, sin
e determining the zero of f(µ) in line 2 and solvingthe proje
ted problem in line 3 is quite inexpensive; see Subse
tions 3.1 and 3.2.We 
an use several 
onvergen
e 
riteria in line 1:
• Stagnation of the sequen
e {µi}, i.e., the relative 
hange of two 
onse
utive
µi is small: |µi+1 − µi|/µi is smaller than a given toleran
e.

• The relative 
hange of two 
onse
utive Ritz ve
tors xµi
is small, i.e.,

‖xµi+1
− xµi

‖/‖xµi
‖ is smaller than a given toleran
e.

• The absolute value of the last s elements of the ve
tor yµi
are severalorders of magnitude smaller than the �rst t elements, i.e., re
ent in
reasesof the sear
h spa
e does not a�e
t the 
omputed solution signi�
antly.

• The residual rµi
from line 4 is su�
iently small, i.e., ‖rµi

‖/‖AT b‖ issmaller than a given toleran
e.We remark that the norm of Axµi
− b 
annot be used in a stopping 
riterionsin
e it might not 
hange mu
h during the 
ourse of the 
omputations.Remark 2.1 An equivalent formulation of (1.3) is obtained by adding a quadrati

onstraint to the problem (1.1), i.e., we seek to solve

min
x∈Rn

‖Ax− b‖2 su
h that ‖Lx‖2 ≤ ρ2.If for this problem an estimate ρ of ‖Lxtrue‖ is given (instead of an estimate of
‖e‖), then we may adapt Algorithm 2.1 so that the 
onstraint is satis�ed withequality in ea
h iteration step. This 
an be be a
hieved by repla
ing the fun
tion
ϕ(µ;V ) in the algorithm by

ψ(µ;V ) := ‖Lxµ‖
2 = ‖LV (V TT (µ)V )−1V TAT b‖2,9



and determining the zero of the fun
tion(2.15) g(µ;V ) := ψ(µ;V ) − ρ2in ea
h step of the algorithm. However, monotoni
ity and 
onvexity of ψ(µ;V )
annot be guaranteed for all sear
h spa
es V. Therefore, the zero of g might notbe unique. This makes zero-�nding di�
ult.3 Computational ConsiderationsWe dis
uss how to e�
iently determine an approximate solution of the large-s
ale Tikhonov problem (1.3) with Algorithm 2.1. Our aim is to organize the
omputations so that the overall 
omplexity of the algorithm is O(mn), i.e.,of the same order as the evaluation of a matrix-ve
tor produ
t with a generalmatrix A ∈ R
m×n. The di�erent parts of the algorithm are 
onsidered in somedetail, with the goal of a
hieving an e�
ient implementation. Subse
tion 3.1fo
uses on the e�
ient reuse of information when building up the sear
h spa
e,i.e., on lines 3 � 7 of Algorithm 2.1, and in Subse
tion 3.2 several zero-�ndersfor updating the regularization parameter in line 2 are developed. Here weeither make use of knowledge about the asymptoti
 behavior of the fun
tion

f(µ;V ) within an inverse rational interpolation s
heme, see [21, 22℄, or applythe 
ubi
ally 
onvergent zero-�nder des
ribed in [27℄.3.1 Generating the Sear
h Spa
eTo start Algorithm 2.1, an initial subspa
e V is required. A natural 
hoi
e isa Krylov subspa
e Kℓ(A
TA,AT b) of low dimension, e.g., of dimension ℓ = 5.The matrix ATA (whi
h is limµ→∞ T (µ)) does not have to be expli
itly formed;instead ℓ − 1 matrix-ve
tor produ
ts (MatVe
s) are evaluated with the matrix

A and ℓ MatVe
s with AT to determine a matrix V ∈ R
n×ℓ, whose 
olumnsform an orthonormal basis for V .For the e�
ient reuse of information, we store the matri
es V , AV , BA :=

ATAV , LV , and BL := LTLV . This requires the evaluation of matrix-ve
torprodu
ts with L and LT . Generally, L is sparse and the 
omputational e�ortfor evaluating the latter MatVe
s is mu
h smaller than for the evaluation ofMatVe
s with A and AT .It is 
onvenient to use the QR fa
torizations of AV and LV in Algorithm2.1. Let V ∈ R
n×k and introdu
e the fa
torizations

AV = QARA with QA ∈ R
m×k, RA ∈ R

k×k,(3.1)
LV = QLRL with QL ∈ R

p×k, RL ∈ R
k×k,(3.2)where the matri
es QA and QL have orthonormal 
olumns, and the matri
es

RA and RL are upper triangular. 10



We 
an formulate the 
omputation of the ve
tor yµ = V TT (µ)−1V V TAT bon line 3 of Algorithm 2.1 as a least-squares problem,
∥∥∥∥
[

AV
µ−1/2LV

]
yµ −

[
b
0

]∥∥∥∥
2

= min!and by using the fa
torizations (3.1) and (3.2), we obtain(3.3) ∥∥∥∥
[

RA

µ−1/2RL

]
yµ −

[
QT

Ab
0

]∥∥∥∥
2

= min!with the asso
iated normal equations(3.4) (RT
ARA + µ−1RT

LRL)yµ = RT
AdA,where dA := dA(V ) := QT

Ab. Thus, whenever yµ has to be 
omputed, we solvethe 2k × k least squares problem (3.3).The residual in line 4 of Algorithm 2.1 
an be evaluated by using(3.5) rµi
= T (µi)V yµi

−AT b = BAyµi
+ µ−1

i BLyµi
−AT b.The matri
es BA and BL are of the same re
tangular size, n× k, as V . There-fore, the 
omputational e�ort required to evaluate MatVe
s with BA and BLis negligible 
ompared with the e�ort required to 
ompute a MatVe
 with thelarge matrix A.We note that in exa
t arithmeti
, the residual obtained by evaluating (3.5)gives the same new ve
tor vnew for enlarging the sear
h spa
e in line 7 of Algo-rithm 2.1 as 
omputing(3.6) rµi

= BAyµi
+ µ−1

i BLyµi
,sin
e the dire
tion AT b already is 
ontained in the sear
h spa
e. The latterfollows from the fa
t that V e1 = AT b/‖AT b‖, where e1 = [1, 0, . . . , 0]T . When
omputing rµi

by (3.5) (with round-o� errors), reorthogonalization in line 5 ofAlgorithm 2.1 is optional, sin
e by 
onstru
tion of the orthogonal proje
tion, theGalerkin 
ondition rµi
⊥ V holds. However, the use of rµi

from (3.6) requiresreorthogonalization in line 5 of Algorithm 2.1. We therefore use (3.5) to 
ompute
rµi

.When enlarging the sear
h spa
e in line 7 of Algorithm 2.1 by the new ve
tor
vnew, it is ne
essary to update the matri
es AV , BA, LV , and BL. This 
an bedone by two MatVe
s involving the matri
es A and AT . Spe
i�
ally, we 
ompute
Avnew, AT (Avnew), Lvnew, and LT (Lvnew), append a 
olumn to the matri
es
AV , BA, LV , and BL, and update the QR fa
torizations of AV = QARA and
LV = QLRL as follows:

A[V, vnew] = [QA, q̃A]

[
RA rA
0 ra

]
,(3.7)

L[V, vnew] = [QL, q̃L]

[
RL rL
0 rl

]
;(3.8) 11



see [9℄ for a detailed dis
ussion on updating and downdating of QR fa
toriza-tions. The new ve
tors are obtained by
rA = QT

A(Avnew), qA = Avnew − rA, ra = ‖qA‖, q̃A = qA/ra,

rL = QT
L(Lvnew), qL = Lvnew − rL, rl = ‖qL‖, q̃L = qL/rl.In 
ase of ra = 0, the last expression for q̃A is repla
ed by an arbitrary unitve
tor su
h that QT

Aq̃A = 0. We pro
eed analogously when rl = 0. The ve
tor
dA 
an be updated by dA = [dA; q̃T

Ab]. The main 
omputational 
ost for (3.7)and (3.8) are two matrix-ve
tor produ
ts with QT
A ∈ R

k×m and QT
L ∈ R

k×p.Sin
e k is quite small, the QR fa
torizations 
an be updated at negligible 
ost.Thus, the 
omputational 
ost for in
reasing the dimension of the sear
h spa
eby one is dominated by one MatVe
 with A and one with AT . This also is thedominating 
ost for evaluating one MatVe
 with the matrix T (µi). The 
ost fordetermining the sear
h spa
e V therefore is a

eptable.3.2 Zero-Finding MethodsThis subse
tion dis
usses updating strategies for the regularization parameter inline 2 of Algorithm 2.1. The algorithm determines the zero of f(µ;V ) in everyiteration. A possible approa
h is to 
ompute the GSVD of the matrix pair
{AV,LV } and work with the expli
it forms of ϕ, ϕ′, ϕ′′ given by (2.11), (2.12),(2.14). However, it is expensive to update the GSVD of {AVi, LVi} in the nextstep to obtain the GSVD of {AVi+1, LVi+1} = {A[Vi, vnew], L[Vi, vnew]}. Wetherefore pro
eed in a di�erent manner.Sin
e we already have 
omputed the QR fa
torizations of AV and LV , we
an use them to simplify the expression for the fun
tion ϕ(µ;V ) and, thereby,also the expression for f(µ;V ). When substituting the fa
torizations (3.1) and(3.2) into (2.4), we obtain(3.9) ϕ(µ;V ) = ‖AV yµ − b‖2 = bT b+ (RAyµ)T (RAyµ) − 2(RAyµ)T dA.Moreover, the relation RT

AdA = V TAT b = ‖AT b‖e1 gives
ϕ(µ;V ) = bT b+ (RAyµ)T (RAyµ) − 2‖AT b‖eT

1 yµ.Thus, we 
an evaluate ϕ(µ;V ), and therefore also f(µ;V ) = ϕ(µ;V ) − δ2, bysolving a small least-squares problem with a 2k× k system matrix 
onsisting oftwo sta
ked triangular matri
es; 
f. (3.3).When using several values of the monotone fun
tion f , not all having thesame sign, we 
an 
onstru
t bra
keting algorithms. In the following, we inves-tigate the asymptoti
 behavior of f(µ;V ). This will enable us to determinesuitable model fun
tions f̃ , that approximate f and are used to 
onstru
t e�-
ient bra
keting algorithms. We propose to use a rational inverse interpolations
heme, i.e., f(µi) ≈ 0 is repla
ed by µi = f̃−1(0). Here and in the following µidenotes a 
omputed iterate, and µk is an approximation of µ̄ asso
iated withthe sear
h spa
e V of dimension k. 12



Our zero-�nders use derivative values of f(µ) to a
hieve faster 
onvergen
e.We investigate the behavior of the �rst two derivatives of f(µ) as µ → 0 and
µ → ∞ in order to determine a suitable model fun
tion. The analysis uses theQR fa
torizations (3.1) and (3.2) of AV and LV .The derivative of yµ = (RT

ARA + µ−1RT
LRL)−1RT

AdA from (3.4) is given by
y′µ :=

∂y(µ)

∂µ
= µ−2(RT

ARA + µ−1RT
LRL)−1RT

L

×RL(RT
ARA + µ−1RT

LRL)−1RT
AdA(3.10)

= µ−2(RT
ARA + µ−1RT

LRL)−1RT
LRLyµ.We use the above expression to show that

f ′(µ;V ) = 2
(
(RAyµ)TRAy

′
µ − µ−2(RLyµ)T (RLyµ)

)
,(3.11)

f ′′(µ;V ) = 6‖RAy
′
µ‖

2.Note that f ′(µ;V ) = ϕ′(µ;V ) and f ′′(µ;V ) = ϕ′′(µ;V ). The quantity y′µ 
anbe evaluated similarly as (3.3), i.e., by solving the least-squares problem(3.12) ∥∥∥∥
[

RA

µ−1/2RL

]
y′µ −

[
0

µ−3/2RLyµ

]∥∥∥∥ = min!with the asso
iated normal equations(3.13) (RT
ARA + µ−1RT

LRL)y′µ = µ−2RT
LRLyµ.We remark that the system matri
es in (3.12) and (3.3) are the same. There-fore, we store the QR fa
torization of [RT

A, µ
−1/2RT

L ]T and use it when solvingboth least-squares problems. This makes the evaluation of the derivative of
f(µ) at µ = µj , when f(µj) already has been 
omputed, 
heaper than theinitial evaluation of f(µj).We turn to the asymptoti
 behavior of f, f ′ and f ′′. When investigating theexpressions (3.9) and (3.11), the asymptoti
 behavior of yµ and y′µ is of greatvalue. The limits of the solution yµ of equation (3.4) are given by

y∞µ := lim
µ→∞

yµ = lim
µ→∞

(RT
ARA + µ−1RT

LRL)−1RT
AdA

= (RT
ARA)†RT

AdA = R†
AdA,

y0
µ := lim

µ→0
yµ = lim

µ→0
(RT

ARA + µ−1RT
LRL)−1RT

AdA = 0.

13



Similarly, the limits of the solution y′µ of (3.13) are
(y∞µ )′ := lim

µ→∞
y′µ

= lim
µ→∞

(RT
ARA + µ−1RT

LRL)−1µ−2RT
LRLy

∞
µ = 0,

(y0
µ)′ := lim

µ→0
y′µ

= lim
µ→0

(RT
ARA + µ−1RT

LRL)−1µ−2RT
L

×RL(RT
ARA + µ−1RT

LRL)−1RT
AdA

= (RT
LRL)†RT

LRL(RT
LRL)†RT

AdA = (RT
LRL)†RT

AdA.We are in a position to investigate the fun
tion f . Let us begin with thebehavior of (3.9) as µ→ ∞, i.e.,
lim

µ→∞
f(µ;V ) = lim

µ→∞
‖AV y∞µ − b‖2 − δ2

= lim
µ→∞

(bT b+ (RAy
∞
µ )T (RAy

∞
µ ) − 2(RAy

∞
µ )T dA − δ2)

= ‖b‖2 + dT
A(RAR

†
A)dA − 2dT

A(RAR
†
A)dA − δ2

= ‖b‖2 − ‖PR(RA)dA‖
2 − δ2.(3.14)The limit has to be negative, be
ause otherwise f has no �nite zero for this sear
hspa
e. This follows from the fa
t that f(µ;V ) is monotoni
ally de
reasing;
f. (2.12). Therefore, if ‖b‖2 − dT

A(RAR
†
A)dA > δ2 for the initial matrix V ,then Algorithm 2.1 has to enlarge the initial spa
e. The value limµ→∞ f(µ;V )de
reases monotoni
ally when enlarging the sear
h spa
e. This follows from thestru
ture of dA = dA(V ) = QA(V )T b. We obtain for Vnew = [V, vnew] that

dA(Vnew)T (RAR
†
A)dA(Vnew) = ‖PR(RA)dA(Vnew)‖2

=
∑

RA(i,i) 6=0

|QA(:, i)T b|2 + |q̃T
Ab|

2.(3.15)Thus, provided that (2.1) holds, it is possible to enlarge the sear
h spa
e until
f(µ;V ) has a �nite zero. In general, ‖PN (AT )b‖ ≪ δ and f(µ;V ) alreadyhas a �nite zero for sear
h spa
es of small dimension. We remark that if
limµ→∞ f(µ;V ) < 0, then this inequality also holds for all subsequent enlargedsear
h spa
es. This follows from (3.14) and (3.15).The behavior of f at the origin is given by

lim
µ→0

f(µ;V ) = ‖AV y0
µ − b‖2 − δ2

= lim
µ→0

(bT b+ (RAy
0
µ)T (RAy

0
µ) − 2(RAy

0
µ)TdA − δ2)

= ‖b‖2 − δ2.(3.16)Note that f(0;V ) = f(0) = ‖b‖2 − δ2 is independent of V . We require that
f(0) > 0, i.e., δ > 0 must be smaller than ‖b‖. The equations (3.15) and (3.16)14



are a restri
tion of the inequalities (2.1) onto the sear
h spa
e V : To ensure a�nite zero of f(µ;V ), it has to hold
‖PN (V T AT )b‖ < δ < ‖b‖.Turning to the limits of the �rst derivative of f , we obtain

lim
µ→∞

f ′(µ;V ) = lim
µ→∞

2
(
(RAy

∞
µ )TRA(y∞µ )′ − µ−2(RLy

∞
µ )T (RLy

∞
µ )

)

= lim
µ→∞

2
(
0 − µ−2(RLR

†
AdA)T (RLR

†
AdA)

)
= 0.Thus, the limit is independent of V . Similarly,

lim
µ→0

f ′(µ;V ) = lim
µ→0

2
(
(RAy

0
µ)TRA(y0

µ)′ − µ−2(RLy
0
µ)T (RLy

0
µ)

)

= lim
µ→0

(
2(RA(RT

ARA + µ−1RT
LRL)−1RT

AdA)TRA(RT
LRL)†RT

AdA

−2µ−2(RL(RT
ARA + µ−1RT

LRL)−1RT
AdA)T

×(RL(RT
ARA + µ−1RT

LRL)−1RT
AdA)

)

= lim
µ→0

(−2‖(RL(µRT
ARA +RT

LRL)−1RT
AdA)‖2(3.17)

= −2‖(RL(RT
LRL)†(‖AT b‖e1)‖

2

= −2‖AT b‖2‖(RT
L)†e1‖

2.While f(0;V ) is independent of V , the derivative f ′(0;V ) is not; the slopede
reases monotoni
ally with in
reasing sear
h spa
e dimension.Finally, we 
onsider the limits of the se
ond derivative. We obtain
lim
µ→0

f ′′(µ;V ) = 6‖RA(y0
µ)′‖2

= 6‖RA(RT
LRL)†RT

AdA‖
2

= 6‖AT b‖2‖RA(RT
LRL)†e1‖

2and
lim

µ→∞
f ′′(µ;V ) = 6‖RA(y∞µ )′‖2 = 0.We are in a position to dis
uss the design of e�
ient zero-�nders. Newton'smethod is an obvious 
andidate. This method works well if a fairly a

urateinitial approximation of the zero is known. However, if our initial approximationis larger than and not very 
lose to the desired zero, then the �rst Newton step islikely to give a worse approximation of the zero than the initial approximation;see Figure 1 for a typi
al plot of f(µ). The fun
tion f is seen to be very steepfor small values of µ > 0 and qui
kly approa
hes the asymptote as µ in
reases.We remark that the fun
tion g(θ), de�ned similarly to (2.15), that arises in the
ontext of regularized total least-squares problems displays analogous behavior;see [21, 22℄. 15
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Figure 1: Plot of a typi
al fun
tion f(µ).It is interesting to note that the behavior of f 
lose to the zero is not mu
hin�uen
ed by the value and the derivative of f at µ = 0. Sin
e the derivative
f ′(0;V ), see (3.17), generally is of very large magnitude, Newtons' method withinitial approximation µ = 0 often requires a large number of steps.We turn to the 
onstru
tion of a suitable model fun
tion for f to be used ina bra
keting zero-�nder. It is important that the zero-�nder a

urately modelsthe asymptoti
 behavior of f as µ → ∞. We derive a zero-�nder based onrational inverse interpolation, whi
h takes this behavior into a

ount. Considerthe model fun
tion for the inverse of f(µ),(3.18) f−1 ≈ h(f) =

p(f)

f − f∞
with a polynomial p(f) =

k−1∑

i=0

aif
i,where the pole f∞(V ) = ‖b‖2 − dA(V )T (RAR

†
A)dA(V ) − δ2 is a fun
tion of the
olumns of V . The degree of the polynomial 
an be 
hosen depending on theinformation of f that is to be used in ea
h step. We propose to use either threefun
tion values (k = 3) or two fun
tion values and two derivative values (k = 4).These 
hoi
es yield small linear systems of equations with a k × k matrix thathave to be solved in ea
h step.We �rst 
onsider the use of three pairs {µi, f(µi)}, i = 1, 2, 3, and no deriva-tive information; see also [21℄. Assume that the following inequalities are satis-�ed,(3.19) µ1 < µ2 < µ3 and f(µ1) > 0 > f(µ3);otherwise we renumber the µi so that (3.19) holds.If f is stri
tly monotoni
ally de
reasing in [µ1, µ3], then (3.18) is a rationalinterpolant of f−1 : [f(µ3), f(µ1)] → R. Our next iterate is µnew = h(0), where16



the polynomial p(f) is of degree 2. The 
oe�
ients a0, a1, a2 are 
omputed bysolving the equations h(f(µi)) = µi, i = 1, 2, 3, whi
h we formulate as a linearsystem of equations with a 3 × 3 matrix. In exa
t arithmeti
, µnew ∈ (µ1, µ3),and we repla
e µ1 or µ3 by µnew, so that the new triplet satis�es (3.19).Due to round-o� errors, the 
omputed value µnew might not be 
ontainedin the interval (µ1, µ3). In this 
ase we 
arry out a bise
tion step, so that theinterval is guaranteed to still 
ontain the zero. If we have two positive values
f(µi), then we let µ1 = (µ2 + µ3)/2; in the 
ase of two negative values f(µi),we let µ3 = (µ1 + µ2)/2.Our se
ond zero-�nder uses (µi, f(µi)) and (µi, f ′(µi)) for i = 1, 2. Notethat the evaluation of these four pairs is 
heaper than the 
omputation of threepairs (µi, f(µi)), 1 ≤ i ≤ 3, be
ause of the 
onne
tion between the equations(3.3) and (3.12) for the evaluation of (3.11). The two values µi are determinedso that the fun
tion values f(µi) do not have the same sign, i.e., we require that

µ1 < µ2 and f(µ1) > 0 > f(µ2).The next iterate is µnew = h(0), where the polynomial p(f) is of degree 3. It isdetermined by the 
onditions
h(f(µi)) = µi, h′(f(µi)) = 1/f ′(µi), i = 1, 2,whi
h give rise to a linear system of equations with a 4 × 4 matrix for the
oe�
ients of the polynomial.The derivative of the model fun
tion is given by

h′(f(µi)) =
a3

(
2f(µi)3 − 3f∞f(µi)2

)
+ a2

(
f(µi)2 − 2f∞f(µi)

)
− a1f∞ − a0

(f(µi) − f∞)2
.Note that 1/f ′(µi) is the derivative of f−1 at f(µi). The value µnew repla
esthe value µi on the same side of the root. In 
ase µnew 6∈ (µ1, µ2) (e.g. dueto round-o� errors), a bise
tion step is 
arried out. Depending on the sign of

f((µ1 + µ2)/2), the appropriate µi is updated.When the zero of f is approa
hed, the 
ondition number of the 3 × 3 or
4 × 4 matri
es be
ome very large. We therefore represent p(f) in terms of abasis of Chebyshev polynomials for the intervals [f(µ3), f(µ1)] or [f(µ2), f(µ1)],respe
tively.An alternative approa
h is the spe
ial zero-�nder for Tikhonov problemsproposed in [27℄, originally developed for problems in standard form. The 
on-ditions for 
ubi
 
onvergen
e are ful�lled, i.e., the fun
tion f(µ;V ) : R+ → R isthree times 
ontinuously di�erentiable and satis�es

f ′(µ;V ) < 0, f ′′(µ;V ) > 0, µ > 0,as well as
lim
µ→0

f(µ;V ) > 0, lim
µ→∞

f(µ;V ) < 0.17



The requirement that f(µ;V ) be de
reasing and 
onvex is follows from (2.12)and (2.14). This zero-�nder is 
ompared to the bra
keting algorithms and New-ton's method in the following se
tion.If the requirement (2.13) on the sear
h spa
e V is violated, then it is notpossible to �nd a zero of f(µ;V ) (ex
ept for when f(µ;V ) ≡ 0). This situationwould arise, if we 
hoose the initial sear
h spa
e V to be a subset of N (L).Then the matrix LV is the zero-matrix and s1 = . . . = sk = 0 in the GSVD(2.9) � (2.10). Su
h a 
hoi
e of V is fairly natural. For example, we mayknow that the desired solution xtrue is approximately a multiple of the ve
tor
w = [1, 1, . . . , 1]T . We then would like w ∈ V . Moreover, we may want to usea regularization matrix L, su
h that w ∈ N (L), be
ause ve
tors in N (L) arenot damped by Tikhonov regularization (1.3); see, e.g., [28, Example 4.2℄ for anillustration. A simple way to handle this situation is to in
rease the dimensionof the initial sear
h spa
e V , e.g., by 
arrying out a few more Lan
zos steps,until (2.13) is satis�ed.4 Numeri
al ExamplesWe use two test examples from Hansen's Regularization Tools [18℄ to illustratethe performan
e of Algorithm 2.1. The matri
es in both examples are of ill-determined rank and numeri
ally singular.The MATLAB fun
tions heat and blur yield square matri
es Â, the right-hand sides b̂, and the solutions xtrue, with Âxtrue = b̂. Adding white noise e to
btrue yields the error-
ontaminated ve
tor b in (1.1); 
f. (1.2). We refer to thequotient

σ :=
‖e‖

‖btrue‖as the noise level. The 
omputations are 
arried out on a PentiumR4 
omputerwith 3.4 GHz and 8GB RAM under MATLAB R2008a.Example 4.1. In this example, we solve an overdetermined linear systemof equations by sta
king the matrix and right-hand side of the inverse heatequation heat (κ=5), i.e.,
A =

[
Â

Â

]
, btrue =

[
b̂

b̂

]
,with the matrix A ∈ R

400×200 and the error-
ontaminated ve
tor b de�nedas des
ribed above with noise level σ = 1 · 10−2. Sta
ked problems of thiskind arise when two measurements b with di�erent errors are available. The
ondition number κ(A) := ‖A‖‖A†‖ of A is larger than 1017. Thus, the matrixis numeri
ally singular. The parameter η in (1.8) is set to 1.1. The regularizationmatrix L is 
hosen to be a s
aled dis
rete �rst order derivative operator in one18



spa
e-dimension,(4.1) L1 =




1 −1. . . . . .
1 −1


 ∈ R

(n−1)×nwith n = 200. This regularization matrix has a stru
ture that allows transfor-mation of (1.3) to standard form before solution. We will not exploit this, butinstead illustrate di�erent aspe
ts of the performan
e of Algorithm 2.1.The initial sear
h spa
e is the Krylov subspa
e span{V0} = Kℓ(A
TA,AT b)for ℓ = 7. When ℓ < 7, the 
ondition limµ→∞ f(µ, V0) < 0 does not hold;
f. equation (3.14). Note that the index ℓ = 7 is not known a priori but 
anbe determined on-the-�y when building the initial Krylov subspa
e, by 
heaplyevaluating (3.14) with the help of (3.15) for ea
h value of ℓ. We would like toillustrate the 
onvergen
e of several interesting quantities and therefore do notterminate the 
omputations with Algorithm 2.1 until dim(V) = 200.Figure 2(a) displays the sequen
e {µk}, and we observe that the value µ̄ ≈

8.07 is approa
hed very qui
kly as dim(V) in
reases. We re
all that µ̄ is thesolution of ‖Axµ̄ − b‖2 − δ2 = 0, i.e., of f(µ, V ) = 0 when dim(V) = 200.The rate of 
onvergen
e of the regularization parameter as a fun
tion of thedimension k of the sear
h spa
e V is illustrated by Figure 2(b); the �gure showsthe relative 
hange of the of the regularization parameter, |µk+1 − µk|/µk, asa fun
tion of k = dim(V). After 30 iterations, the relative 
hange drops tozero (and therefore 
annot be displayed with a semilogarithmi
 plot). Otherquantities on whi
h the stopping 
riterion for Algorithm 2.1 may be based areshown in Figures 2(
)-(e). The relative 
hange of two 
onse
utive approximatesolutions of (1.1), ‖xµk+1
−xµk

‖/‖xµk
‖ for k = 0, 1, 2, . . . , is shown in Figure 2(
)and the 
orresponding relative residual norms, ‖r(xµk

)‖/‖AT b‖, k = 0, 1, 2, . . . ,are displayed in Figure 2(d); 
f. line 4 of Algorithm 2.1.The magnitude of the entries of the ve
tor yµ200
(
f. equation (2.5)) for

V = R
200 are depi
ted in Figure 2(e), and the exa
t solution xtrue together withthe 
omputed approximation xµ40

are shown in Figure 2(f). The relative errorof the 
omputed approximate solution is ‖xµ40
− xtrue‖/‖xtrue‖ = 1.85 · 10−2.All four quantities displayed in Figures 2(b)-(e), or some 
ombination of them,
an be used as stopping 
riteria for Algorithm 2.1.Noti
e that the 
onvergen
e of the regularization parameter is not mono-toni
; see Figure 2(a). It is 
learly visible that the sequen
e {µk} os
illatesaround µ̄ when the dimension k of V in
reases and is small. The values µkos
illate around µ̄ also when k is large, but this is not visible in the �gure.Non-monotoni
 behavior also 
an be observed for the other quantities plottedin Figures 2(
)-(e).We 
ompare four zero-�nding algorithms for the subproblems f(µ, Vk) = 0 inline 2 of Algorithm 2.1. Ea
h time the sear
h spa
e is enlarged, the zero-�nder
omes into play. We apply the two bra
keting algorithms des
ribed above, i.e.,the 3-point zero-�nder using three pairs (µi, f(µi, Vk)), i = 1, 2, 3, or the 4-pointzero-�nder using two fun
tion-values and two derivative-values of f(µ, Vk). The19
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third zero-�nder is Newton's method and the last one is the Cubi
ally 
onvergentmethod from [27℄.The initial value for the regularization parameter is 
hosen to be µ0
7 = 0.01and the dimension of the initial sear
h spa
e is 7. When, subsequently, thedimension of the sear
h spa
e is in
reased, the initial value of the regularizationparameter is set to be equal to the last 
al
ulated value, i.e., we set µ0

k+1 = µk.We start the bra
keting zero-�nders by �rst determining values µi, su
h thatnot all f(µi) are of the same sign. Su
h values 
an be determined by multiplyingavailable values of the regularization parameter by 0.01 or 100 depending on thesign of f(µ, V ). After very few steps this gives an interval that 
ontains the rootof f(µ, V ).Table 1: Number of iterations of the zero-�nders for Example 4.1.zero-�nder 1st iter. 2nd iter. 3rd iter. ith iter.3-point >20 3 3 1 � 24-point 7 2 1 1 � 2Newton 16 4 3 1 � 3Cubi
 7 3 3 1 � 2Table 1 shows the number of iterations required by the zero-�nders 
onsid-ered. After three subspa
e enlargements, the values µk do not 
hange mu
h andonly few iterations with the zero-�nders are required. The �rst entry of the se
-ond 
olumn of Table 1 indi
ates that more than 20 (inner) iterations are neededbefore the stopping 
riterion for the zero-�nder is satis�ed. In this situation,we terminate the iterations with the zero-�nder at step 20 and use the bestavailable approximation of the zero. This is the only time when a zero-�nderdid not satisfy the stopping 
riterion. For the non-bra
keting zero-�nders, weuse the stopping 
riterion
|f(µi

k)|

δ2
< 1 · 10−8,where µi

k is the 
urrent approximation of the desired zero. We terminate theiterations with the bra
keting zero-�nders when
min{|f(µ1

k)|, |f(µ2
k)|}

δ2
< 1 · 10−8,where µ1

k and µ2
k are best bra
keting approximations of the zero. The ith it-eration in the �fth 
olumn shows the number of iterations with the zero-�nderrequired after all subsequent 190 enlargements of the sear
h spa
e. For thisexample all methods 
arried out between one and three steps.All zero-�nders produ
e approximations of xtrue of similar quality and solvethe problems f(µ, Vk), k = 7, . . . , 200, to desired a

ura
y (ex
ept for the 3-point bra
keting algorithm for the �rst sear
h spa
e enlargement). Indeed, for21



the �nal 
omputed approximation of xtrue, xµ200
, we have

|‖Axµ200
− b‖2 − δ2|

δ2
< 7 · 10−12for all zero-�nders. This value is mu
h smaller than the desired a

ura
y of

1 · 10−8. This is possibly due to the fa
t that at least one step of the zero-�nderis 
arried out after ea
h sear
h spa
e expansion.Table 1 shows the 4-point bra
keting algorithm to be slightly superior to the
ubi
 solver. The 3-point bra
keting and Newton's methods are 
learly inferior.After the �rst sear
h spa
e enlargement, Newton's method and the 3-point zero-�nder require more than twi
e as many iterations as the other two zero-�nders.The 
ost of one iteration is about the same for ea
h one of the four zero-�nders.The main e�ort is the fa
torization of the 2k × k matrix [RT
A, µ

−1/2RT
L ]T ; 
f.equations (3.3) and (3.12).Example 4.2. We 
onsider the restoration of a greys
ale image that is rep-resented by an array of 100 × 100 pixels. The pixels are stored 
olumn-wise ina ve
tor in R

10000. The ve
tor xtrue represents the un
ontaminated image. Ablo
k Toeplitz with Toeplitz blo
ks blurring matrix A ∈ R
10000×10000 is deter-mined with the fun
tion blur from [18℄ using the parameter values band = 5(whi
h is the half-bandwidth of ea
h 100×100 Toeplitz blo
k) and sigma = 1.0(whi
h determines the width of the underlying Gaussian point spread fun
tion).The matrix A has 7.7 × 105 nonzero entries. We add Gaussian noise 
orre-sponding to the noise level σ = 1 · 10−2. This determines the ve
tor b in (1.1).The ve
tor xtrue is assumed not to be available. We would like to determine ana

urate restoration of xtrue given A and b. The fa
tor η in (1.8) is set to 1.05.Di�erent regularization matri
es L and zero-�nders are 
ompared. We usethe �rst-order dis
rete derivative operator for two spa
e-dimensions

L1,2D =

[
L1 ⊗ In
In ⊗ L1

]with L1 de�ned by (4.1) with n = 100 and In the identity matrix of order 100.The se
ond order dis
rete derivative operator in two spa
e-dimensions
L2,2D =

[
L2 ⊗ In
In ⊗ L2

]also is 
onsidered, where
L2 =




−1 2 −1. . . . . . . . .
−1 2 −1


 ∈ R

(n−2)×n, n = 100.The A-weighted pseudoinverses of L1,2D and L2,2D are unattra
tive to use.We 
ompare the performan
e of Algorithm 2.1 for the regularization matri
es22



L1,2D, L2,2D, and L = I. For the latter regularization matrix, the generalizedKrylov subspa
es V determined by Algorithm 2.1 redu
e to the standard Krylovsubspa
es Kk(ATA,AT b), and our iterative method simpli�es to LSQR.The initial sear
h spa
e is 
hosen to be span{V0} = K10(A
TA,AT b). Thestopping 
riterion in line 1 of Algorithm 2.1 is to pro
eed until the dimension ofthe sear
h spa
e rea
hes 40. This 
hoi
e is rather arbitrary and 
an be repla
edby one or several of the 
onvergen
e 
riteria des
ribed above. The 
onvergen
ehistory of the most interesting quantities when using the regularization matrix

L = L1,2D is shown in Figure 3. The graphs are similar for the regularizationmatri
es L = L2,2D and L = I. The latter graphs therefore are not shown.Figure 3(a) displays the sequen
e {µk}. Similarly as in Example 4.1, 
on-vergen
e is not monotoni
, and the regularization parameter stagnates quitequi
kly; see also Figure 3(b). Other quantities on whi
h a stopping 
riterionfor Algorithm 2.1 
an be based are displayed in Figures 3(
)-(e). The relative
hange of two 
onse
utive approximations xµk
and the 
orresponding relativeresidual norm ‖r(xµk

)‖/‖AT b‖ are shown in Figure 3(
) and (d), respe
tively.Both quantities de
rease by 7 orders of magnitude. The magnitude of the en-tries of the ve
tor yµ40
are displayed in Figure 3(e); they de
rease by 9 ordersof magnitude, but not monotoni
ally.Figure 4 shows the original (blur- and noise-free) image, the blurred andnoisy image, and several restorations. The �rst row of Figure 4 depi
ts theoriginal image as well as the blur- and noise-
ontaminated image. The �rstrestored image in the se
ond row is obtained by using the dis
rete Lapla
eoperator L2,2D as regularization matrix and applying 30 outer iterations inAlgorithm 2.1. Sin
e the initial sear
h spa
e is of dimension 10, the sear
hspa
e is of dimension k = dim(V) = 40 at termination. The relative error in the
omputed restoration is ‖xµ40

− xtrue‖/‖xtrue‖ = 3.97 · 10−2.The restoration shown by the se
ond image in row two is for L = I. Thetermination 
riterion is the same as above. The 
omputed restoration has rela-tive error 4.28 · 10−2. The last row displays two restored images obtained with
L = L1,2D; the �rst one 
orresponds to dim(V) = 20 and the se
ond one to
dim(V) = 40. The di�eren
e between these images is very small. Both restora-tions have a relative error of 3.86 · 10−2. The relative error of the blurred andnoisy image is ‖b− xtrue‖/‖xtrue‖ = 8.20 · 10−2.Figure 4 shows the regularization matrix L = I to give the worst restora-tion; the restored image 
an be seen to 
ontain a lot of �fre
kles�. Moreover, therelative error is larger than for the other regularization matri
es. The quality ofthe restorations obtained with L1,2D and L2,2D is about the same. We �nd theimages in the bottom row obtained with L1,2D to be slightly sharper than theimage determined with L2,2D. Also the relative error is slightly smaller. Sin
ethe two restored images in the bottom row of Figure 4 are nearly indistinguish-able, we 
on
lude that it su�
es to use the low-dimensional sear
h spa
e V ofdimension 20.We 
ompared the four zero-�nders for the regularization matrix L = L1,2D.The starting value for the Tikhonov parameter is 
hosen to be µ0

10 = 1, where thesubs
ript 10 shows the dimension of the initial sear
h spa
e. The 
omputations23
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are similar to those of Example 4.1. Table 2 shows the number of iterationsrequired by ea
h zero-�nder.Table 2: Number of iterations of the zero-�nders for Example 4.2.zero-�nder 1st iter. 2nd iter. 3rd iter. ith iter.3-point >20 11 3 2 � 34-point 4 3 2 1Newton 11 6 4 1 � 4Cubi
 7 4 3 1 � 3The 
onvergen
e behavior illustrated by Table 2 is analogous to the behaviordisplayed by Table 1. For all zero-�nders the 
omputed restorations xµ40
satisfy

|‖Axµ40
− b‖2 − δ2|

δ2
< 4 · 10−11.This a

ura
y is mu
h higher than the required a

ura
y of 1 · 10−8.Remark 4.1 The bra
keting zero-�nders require an initial value of µ that islarger than µ̄. This may result in underregularization. However, the fa
t thatwe determine an approximate solution in a sear
h spa
e V of dimension mu
hsmaller than the problem dimension has a regularizing e�e
t. We have notobserved di�
ulties with the bra
keting zero-�nders due to underregularization.Remark 4.2 We observed in the examples that the proje
ted matri
es V TT (µk)Vare �essentially� tridiagonal, i.e., the o�-tridiagonal elements are small 
om-pared to elements in the tridiagonal part of the matri
es. The relative size ofthe entries depends on the problem and on the 
hanges of the regularization pa-rameter during the exe
ution of the algorithm. This phenomenon may be dueto the fast 
onvergen
e of the regularization parameter, whi
h gives fast 
onver-gen
e of the matri
es {T (µk)} as well.5 Con
lusionsA new iterative method for Tikhonov regularization problems with general reg-ularization matri
es is presented and zero-�nders for determining the regular-ization parameter are derived. Computed examples suggest several stopping
riteria and indi
ate that sear
h spa
es of fairly small dimension su�
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